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Abstract 
~"ot long ago, the authors mentioned in the title have published a joint paper (see 
:"lIKOL.';'S-SATO, 1992) about some llew asymptotic results and conjectures on the 50-
called Fmnel"'s sum Q(!V) defined by the formuta 
(1 ) 
H (N)( 1 ~ \-)" IF'" f d ,-" I d' ere Qv .v = , L, " " " • ; j, denote t le 'arey jractW1ls 0 or er j,", !. e" t le ascen 1I1g 
sequence of all rationals h / i: with h, k positive integers, h S k Sand h cop rime to 
N 
le, The number of these fractions is <P(S) = :t <p(n) (y the well-known Euler function), 
1l=1 
,wd we have the asymptotic equality <P( JV) ~ (:3/,,2 )N 2 :)0). B)' the representation 
9(H) 
.'1-'1 ( '\ • (N) == L-,; cos 2iT!!v , (2) 
v=l 
<P(N) is connected also with the classical :viobius sUllllllatoric function. 
The importance of (1) and (2) for the analytic theory of numbers lies mainly in the 
fact that both of the relations 
(3) 
are equivalent to the Riemann hypothesis on the complex zeros of ((s) (which is defined 
00 
by analytic continuation of the series L 11- 5 , Rc s > 1). These are the famous theorems 
n=l 
of FRANEL and LITTLEWOOD, respectively. (Cf. fRANEL, 1924; LITTLEWOOD, 1912; 
MIKOL;\S 19,19; ODLYZKo-RIELE, 198.5.), 
The present paper aims to develop further some numerical investigations in 
jvlIKOL,\s-SATO (1992) which canllot be approached for the time being by other lllathe-
IIlitt ical tools. Our central problenl will be to say sOlllewhat more on the '7'ight. orciC7' of 
magnitude' ofQ(N) by COlllputittioll, using also the 'test functioll' 
J{ IV) = (log log log;\' )/S (4) 
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introduced previously, together with the well proved characterizing data: 
iC(.N) = Q(N)/J(N), R(N) = J(N) - Q(N) (.5 ) 
as well as with regression analysis. It turned out that all the essential observations for-
mulated in the work just mentioned for the domain 3 :::; N :::; 2000 may now be extended 
up to N = 10000, on the basis of the new enlarged 'Tables of Franel's sum' (1991-1992) 
of the author. 
Keywords: computing methods in number theory. 
Main Results 
Preliminary Remarks 
The numerical calculations about QUIT) from N = 2000 to 8000 have been 
carried out by use of the personal computer NEC PC-9801 VX ES, RS and 
EPSOI\ PC-286 BOOK. 
The particularly intricate computation of Q(N) from N = 8000 to 
10000 was made using FUJITSU-FACOM M770, Iv10del 8, Main Mem-
ory=64MB, with F..A.COM-OS4/MSP as Operating System (in the Com-
puter Center of College of Engineering, Nihon V niversity). 
The programme of Q(N) for 1 :::; N :::; 500 on the personal computers 
was written in V-BASIC ('KIDA'S BASIC') which was constructed by 
Y. KiDA (Rikkyo U Tokyo). The program of for 5000 < 
N < 8000 on the personal computers was written in Turbo Pascal. The 
program of for 8000 < N < 10000 at FUJITSU 
\vas vJTitten in Pascal. 
Tables and the ppllcatJlon Soft 
1-2-3'. The regression analysis has been carried out in the same 
manner. 
Vile give such an extension oj Obser'vaiioll 2, Pari(lI)in ~11EOLj\S-­
S,uo (1992), which means a great support to the probable validity of the 
asymptotic relation (20): Q(N) "-J reJ(N) (re ;::::; 0.8), conjectured 1. c., on 
p.376. 
0 , t' /~) oserva Ion!. '" 
We have in the 32 sllbintervals of eqllal length 250 of the interval (2000, 
10000] following estimates oj the form 0: < K(N) < ,B, i. e. o:J(N) < 
Q(N) < (3J(N) (0:, (3 positive constants): 
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N min JC(N) max JC(N) N min JC(N) max JC(N) 
(2000,2250] 0.90039 0.92633 (6000,6250] 0.84295 0.84953 
(2250,2500] 0.89616 0.92917 (6250,6500] 0.84226 0.86893 
(2500,2750J 0.88732 0.91392 (6500,6750] 0.84616 0.86404 
(2750,3000] 0.88500 0.93977 (6750,7000] 0.84205 0.86259 
(3000,3250] 0.87638 0.90245 (7000,72501 0.84064 0.86994 
(3250,3500] 0.87569 0.90782 (7250,7500] 0.83722 0.84948 
(3500,3750J 0.86965 0.88528 (7500,7750] 0.83404 0.84371 
(3750,4000] 0.86830 0.88934 (7750,80001 0.83416 0.84741 
( 4000,4250] 0.86711 0.88860 (8000,8250] 0.83307 0.84795 
( 4250,4500] 0.86141 0.88797 (8250,8500J 0.83628 0.84974 
(4500,4 750] 0.85699 0.87179 ( 8500.8750] 0.83358 0.86068 
( 4750,5000] 0.85682 0.87648 (8750.9000] 0.82599 0.83997 
(5000,5250] 0.85354 0.86606 (9000,9250] 0.82287 0.83117 
(5250,5500] 0.85166 0.86139 (9250,9500J 0.82268 0.84114 
(5500,5750] 0.85452 0.86985 (9500,9750J 0.82884 0.85139 
(5750,6000] 0.84781 0.86707 (9750,10000] 0.83700 0.86593 
The minimal ('m') and m(ll:imal values of JC(l'.t) are given to five 
decimals with a possible error of 1 in th e last decimal. The Se are taken at 
N =2003(111),2125(m); 2331 (m). 2411 . 25S0(m}, 2'l32(1\;1); 2803(M), 
299'l(m); 3182(m), 3242(M); 3295(M), 3485(m); 36'l0(m), 3733 (lvf); 
3905(m), 3948(M); 4161 (lvl) , 419'l(m); 4261(M), 44'l6(m); 4526(lvl), 
4636(m); 4885(1vf), 4966(m); 5011 (M), 50'l6(m); 5410(m), 5485(lvl); 
5674(1'111), 5740(m); 5908(M), 5980(m); 6154(M), 6195(m); 6262(m), 
6399(1\11); 6582(M), 6'l50(m); 6943(m), 6997(M); 'l02'l(lvl), 7176(m); 
'l253(M), 'l390(m); 'l582 (m) , 'l'l28 (lvf); 'l808(m), 'l964(M); 8004 (m), 
8193(M); 8418(lvf), 8456(m); 8554 (A1), 8'l06(m); 8'l51 (M), 8995 (m); 
9059(1\;1), 9150(m); 92 'l6(m) , 9499(M); 9618(m), 9'l49(M); 9889(Af), 
10000(m). 
The situaiionin question is well illu.sirated by the Figures 10 and 11 
for JC(N) = Q(N)jJ(N). 
Figure 1. This gives the graph of Q(N) for 10 ::; N ::; 100. 
Figure 2. This gives the graph of Q(N) for 100 ::; N ::; 500. 
Figure 3. This gives the graph of Q(N) and J(N) = (log log log N) j N for 
500 ::; N ::; 2000. 
Fig1Lre 4. This gives the graph of Q(N) and J(N) for 2000 :s: N :s: 3000. 
Figllre 5. This gives the graph of Q(N) and J(N) for 3000 ::; N ::; 5000. 
Figllre 6. This gives the graph of Q(N) and J(N) for 5000 ::; N ::; 7000. 
Figure 7. This gives the graph of Q(N) and J(N) for 7000::; N ::; 10000. 
Figure 8. This gives the graph of Q(N), J(N) and J(N) - Q(N) for 500 ::; 
N ::; 5000. 
Figure 9. This gives the graph of Q(N), J(N) and J(N) -Q(N) for 5000 ::; 
N ::; 10000. 
Figure 10. This gives the graph of JC(N) = Q(N)/J(N) for 500 ::; N < 
5000. 
Figure 11. This gives the graph of JC( N) for 5000 ::; N ::; 10000. 
Figure 12. This gives the graph of 0.6638/N - Q(N) for 500 ::; N ::; 5000. 
Figure 13. This gives the graph of (0.6638/N - Q(N))/N for 500 ::; N ::; 
5000. 
Figure 14. This gives the graph of 0.6638/ N - Q(N) for 5000 ::; N ::; 10000. 
Figure 15. This gives the graph of (0.6638/N - Q(N))/N for 5000::; N::; 
10000. 
Figure 16. This gives the graph of Q(N) and 0.6638/ N for 8000 ::; N ::; 
10000. 
Figure 17. This gives the graph of Q(N), J(N) and 0.6638/N for 3000 ::; 
N ::; 10000. 
Though LOTUS 1-2-3 does not support to draw just the plot of data, 
we can draw line graphs which pass through every point of the correspond-
ing data. 
Table 1. The values of Q(N) are given to four decimals, with a possible 
error of 1 in the last decimal, over the range 1 ::; N ::; 300. 
Table 2. The values of Q(N) are given to five decimals, with a possible 
error of 1 in the last decimal, over the range 301 ::; N ::; 500. 
Table 3. The values of Q(N) are given to eight decimals, with a possible 
error of 1 in the last decimal, for N = 500 to 1000 step 10. 
Table 4. The values of Q(N), J(N) are given to eight decimals, with a 
possible error of 1 in the last decimal, for N = 1000 to 5000 step 
100. 
Table 5. The values of Q(N), J(N) are given to eight decimals, with a 
possible error of 1 in the last decimal, for N = 5000 to 10000 
step 100. 
Though we calculated all values of Q(N), etc. for 1 ::; N ::; 10000, we 
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Table 1 
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Table 3 
Table of Q(N). jIN). etc. (from N = 500 to 1000 step 10) 
N Q(N) j(N) K(N) = Q(N)fj(N) R(1\') = j(N) - Q(N) 
500 0.00124812 0.00120524 1.03557 -0.00004288 
510 0.00123291 0.00118502 1.04041 -0.00004789 
520 0.00117604 0.00116550 1.00904 -0.0000105·1 
530 0.00li7218 0.00114664 1.02228 -0.00002555 
540 0.00112355 0.00112840 0.99570 0.00000485 
550 O.00li2412 0.00111076 1.01203 -0.00001336 
560 0.00110'J77 0.00109369 1.01014 -0.00001109 
570 O.OlH 10660 0.00107715 1.02734 -0.00002944 
.580 0.0(;108632 0.(IOI06ll3 1.02373 -0.00002518 
590 0.00106395 0,00104561 1.01755 -0.00001835 
600 O.0()104618 0.00103054 1.01517 -0.00001564 
610 0.0010156,1 ).00101593 0.99972 0.00000029 
620 0.00l 02354 0.0010017·1 1.02177 -0.00002181 
630 0.00098-121 0.0009879,5 0.99621 0.00000374 
640 0.00096435 0,00097-1,56 0.98952 0.00001021 
650 0.00097-119 0.00096154 1. 01:315 -0.00001264 
660 0.00098397 0.00094888 1.03698 -0.00003509 
670 0.00096500 0.00093657 1.03036 -0.0000284'; 
680 0.00095603 0.00092458 1.03402 -0.00003145 
690 0.00092271 0.00091290 1.010i4 -0.00000980 
700 0.00089782 0.0009015·j 0.99588 0.00000372 
710 0.00088711 0.00089046 0.99624 0.00000335 
720 0.00086801 0.00087966 0.98676 0.0000i165 
730 0.0008568·j 0.00086913 0.98586 0.00001229 
7-10 0.00084596 0.00085886 0.98497 0.00001291 
750 0.00083144 0.00084884 0.97950 0.00001740 
760 0.00082950 0.00083907 0.98860 0.00000956 
770 0.00082445 0.00082952 0.99389 0.00000507 
780 0.00080846 0.00082020 0.98569 O.OOOOllH 
790 0.00079465 0.00081109 0.97973 0.00001644 
800 0.00078717 0.00080219 0.98128 0.00001502 
810 0.00077115 0.00079349 0.97185 0.00002234 
820 0.00075687 0.00078499 0.96417 0.00002813 
830 0.00076224 0.00077667 0.98142 0.00001443 
8·10 0.000750·iC 0.00076854 0.97639 0.00001814 
850 0.0007:l946 0.OllO76058 0.97223 0.00002112 
S6ll 0.0007-14 14 0.00075279 0.98850 0.00000865 
870 0.00073535 0.00117·1517 0.98683 0.00000981 
880 O.OOO72G32 0.00073770 0.98·157 0.00001138 
890 0.00072912 0.00073039 0.99826 0.00000127 
90n O.nOn70·169 0.00072:3'2:1 0.974:37 0.0000185·1 
910 0.00069078 0.000 i Hi 21 0.96·150 O.001lO2543 
no 0.00068554 0.OOO71J9:l,1 0.96646 0.00002379 
930 0.00068172 0.000702S9 0.971130 0.00002087 
".1f) 0.00OG7282 0.000595% 0.9Gr)72 0.00002316 
9511 O.n006fi:181 0.OnOG8%0 0.96273 0.00002570 
~)(jll O.fHIOG5748 0.OOO()83J.1 0.9624:l 0.00002566 
D711 0.00!)('·170:) 0.OOOG7Ii()1 O.95,1.'3i 0.001102987 
URO 0.11IItll'·!501l O.01l1lti707H 0.961.16 0.00002578 
9~ItJ Il.IIIH1G:195:l O.IHII161i,17S 0.%201 0.00002525 
101111 0.11I1Ili,:lS71 O.01IlHi5S1'!1 U.%9:]7 0.00002018 
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Table 4 
Table of Q(1'1), J(1'1), etc. (from N = 1000 to 5000 step 100) 
N Q(N) J(NJ K(N) = Q(N)/J(N) R(N) = J(N) - Q(N) 
1000 0.00063871 0.0006·5889 0.9694 0.00002018 
1100 0.00059501 0.00060541 0.9828 0.00001040 
1200 0.00052811 0.00056023 0.9427 0.00003213 
1300 0.00049221 0.00052153 0.9438 0.00002932 
1400 0.00046032 0.00048800 0.9433 0.00002769 
1500 0.00043205 0.00045865 0.9420 0.00002660 
1600 0.00040227 0.00043274 0.9296 0.00003047 
1700 0.00038839 0.00040969 0.9480 0.00002130 
1800 0.00035986 0.00038904 0.9250 0.00002918 
1900 0.00033760 0.00037044 0.9113 0.00003284 
2000 0.00032801 0.0003.5359 0.9276 0.00002558 
2100 0.00030778 0.00033825 0.9099 0.00003048 
2200 0.00029520 0.00032423 0.9105 0.00002903 
2300 0.00028095 O.000·3il36 0.9023 0.00003041 
2400 0.00027729 0.00029950 0.9258 0.UOO02221 
2500 0.00025867 0.000288.,4 0.8965 0.00002987 
2600 0.00024845 0.00027837 0.8925 0.00002993 
2700 0.0002-1084 0.00026892 0.8956 0.00002808 
2800 0.00024026 0.00026011 0.9237 0.0000198·, 
2900 0.00022879 0.00025188 0.9083 0.00002309 
3000 0.00021695 0.00024416 0.8886 0.00002721 
3100 0.00021036 0.00023692 0.8879 0.00002656 
3200 0.00020377 0.00023010 0.8855 0.00002634 
3300 0.0002009.3 0.00022368 0.8983 0.00002275 
3400 0.00019514 0.00021762 0.8967 0.00002248 
3500 0.00018655 0.00021189 0.8804 0.00002533 
.3600 0.00018007 [).00fJ20646 0.8722 0.00002639 
3700 0.00017608 0.00020111 0.8747 0))0002.02:3 
3800 0.00017200 0.OO0196·!] 0.8757 0.00002442 
3900 0.00016695 0.00019176 0.8706 0.00002481 
4000 0.00016345 0.00018733 0.8725 0.OOOO:l.3il8 
4100 0.000162.39 0.00018310 0.8869 0.00002071 
4200 0.00015528 0.00017907 0.8671 0.00002379 
4300 O.fJOO15463 0.00017S21 0.8825 O.flOOO:;O·Sf:-
O.OOOJ.iS60 0.000] 7152 O.8f5f)4 0.00002292 
4.'i[)O 0.OOOHS3~ 0.00016799 0.8655 0.00002260 
·160f) 0.0001·1164 0.00016460 O.8G05 O.OOOO229G 
4700 0.00013882 0.00016136 0.8603 0.00002254 
·1800 0.00013727 0.00015821 0.8675 0.000020[17 
4900 0.000]:),,03 0.0001·552-1 0.8698 O.OOOfL!(J21 
.sono O.OOO!.3fJ92 0.00015236 0.8·593 O.flOOO2J.l-1 
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Table 5 
Table of Q(N), J(N), etc, (from N = 5000 to 10000 step 100) 
N QU'i) J(N) K(N) = Q(N)/J(N) R(N) = J(N) - Q(};) 
5000 0.00013092 0.00015236 0.8593 0.00002144 
5100 0.00012889 0.00014958 0.8616 0.00002070 
5200 0.00012607 0.00014691 0.8582 0.00002083 
5300 0.00012342 0.00014433 0.8551 0.00002091 
5400 0.00012104 0.00014185 0.8533 0.00002081 
5500 0.00011938 0.00013945 0.8561 0.00002007 
5600 0.0001l861 0.00013713 0.8649 0.00001852 
5700 0.00011630 0.00013489 0.8622 0.00001859 
5800 0.00011309 0.00013273 0.8520 0.00001964 
5900 0.OOO1l2i2 0.00013063 0.8629 0.00001791 
6000 O.000109li 0.00012860 0.8484 0.00001950 
6100 0.00010728 0.00012664 0.8471 0.00001936 
6200 0.00010545 0.00012474 0.8454 0.00001929 
6300 0.00010416 0.00012289 0.8476 0.00001873 
6400 0.00010520 0.OOO12110 0.8688 0.00001589 
6500 0.00010197 0.00011936 0.8543 0.00001739 
6600 0.00010081 0.00011767 0.8567 0.00001686 
6700 0.00009843 0.00011603 0.8483 0.00001761 
6800 0.00009712 0.00011444 0.8486 0.00001733 
6900 0.00009601 0.00011289 0.8504 0.00001689 
7000 0.00009579 0.00011139 0.8,599 0.00001560 
7100 0.00009325 0.00010992 0.8·183 0.00001668 
7200 0.00009143 0.00010849 0.8427 0.00001706 
7300 0.00009008 0.00010711 0.8411 0.00001702 
7400 0.00008856 0.00010575 0.8374 0.00001719 
7500 0.00008786 0.00010443 0.8!l3 0.00001657 
7600 0.00008630 0.00010315 0.8366 0.00001685 
7700 0.00008547 0.00010190 0.8388 0.00001642 
7800 0.00008427 0.00010067 0.8371 0.00001640 
7900 0.00008357 0.00009948 0.8400 0.00001591 
8000 0.00008205 0.00009832 0.8345 0.00001627 
8100 0.00008125 0.00009718 0.8360 0.00001594 
8200 0.00008133 0.00009607 0.8465 0.00001474 
8300 0.00007984 0.00009499 0.8406 0.00001515 
8400 0.00007904 0.00009393 0.8415 0.00001489 
8500 0.00007889 0.00009289 0.8492 0.00001401 
8600 0.00007822 0.00009188 0.8513 0.00001366 
8700 0.00007602 0.00009089 0.8364 0.00001487 
8800 0.00007499 0.00008992 0.8339 0.00001493 
8900 0.00007425 0.00008898 0.8345 0.00001472 
9000 0.00007283 0.00008805 0.8271 0.00001522 
9100 0.00007182 0.00008714 0.8242 0.00001532 
9200 0.00007103 0.00008626 0.8234 0.00001523 
9300 0.00007051 0.00008539 0.8258 0.00001488 
9400 0.00006969 0.00008453 0.8244 0.00001484 
9500 0.00007040 0.00008370 0.8·111 0.00001330 
9600 0.00006891 0.00008288 0.8315 0.00001397 
9700 0.00006909 0.00008208 0.8417 0.00001299 
9800 0.00006868 0.00008129 0.8449 0.00001261 
9900 0.00006877 0.00008052 0.8540 0.00001175 
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ON A PAPEH OP .\fiKOL.4S AND SATO 435 
B.6\?018 ••• Grl~!I et COil ud O.aaJ!JM fro: R=!OCO to 1CCC? ••..•• 
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· . . 
Fig. 16. 
Result of Regression analysis about Q(N) for 8000 ~ N ~ 10000 
Regression line(curve) y ex"'t, t = l/x 
Sample size n = 2001 
Degree of freedom p = 2000 
Regression coefficient of t ex = 0.6638287 
Standard error of a: 0.0001767 
Standard error of y s = 0.0000008 
Coefficient of determination R2 = 0.9626483 
y = 0.6638/x 
Fig. 17. 
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